AN EXPLICIT d-INTEGRATION FORMULA FOR 
WEIGHTED HOMOGENEOUS VARIETIES II, 
FORMS OF HIGHER DEGREE 

J. RUPPENTHAL AND E. S. ZERON 

Abstract. Let E be a weighted homogeneous (singular) subvariety of 
C n . The main objective of this paper is to present a class of explicit 
integral formulae for solving the 9-equation lu — dX on the regular part 
of E, where a; is a 9-closed (0, g)-form with compact support and degree 
q > 1. Particular cases of these formulae yield L p -bounded solution 
operators for l<p<ooifEisa homogeneous and pure dimensional 
subvariety of C" with an arbitrary singular locus. 

1. Introduction 

As it is well known, solving the <9-equation forms one of the main pillars of 
complex analysis, but it also has deep consequences on algebraic geometry, 
partial differential equations and other areas. For example, the classical 
Dolbeault theorem implies that the <9-equation can be solved in all degrees 
on a Stein manifold, and it is known that an open subset of C n is Stein if and 
only if the <9-equation can be solved in all degrees (on that set). Nevertheless, 
it is usually not easy to produce an explicit operator for solving the d- 
equation on a given Stein manifold, even if we know that it can be solved. 
The construction of explicit operators depends strongly on the geometry 
of the manifold on which the equation is considered. There exists a vast 
literature about this problem on smooth manifolds, both in books and papers 
(see [lOl [H] , for example) . 

The respective Dolbeault theory on singular varieties has been devel- 
oped only recently. Let £ be a singular subvariety of the space C n and 
uj a bounded 9-closed differential form on the regular part of S. Fornaess, 
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Gavosto and Ruppenthal have produced a general technique for solving the 
9-equation uj = dX on the regular part of £, which they have successfully 
applied to varieties defined by the formula z m = Y\ k w b k k in C n ; see [3 [6] and 
[15j . Acosta, Solfs and Zeron have developed an alternative technique for 
solving the <9-equation (if uj is bounded) on the regular part of any singular 
quotient variety embedded in C n which is generated by a finite group of 
unitary matrices, like for instance hypersurfaces in C 3 with only a Rational 
Double Point singularity; see [H [2] and [2D]. 

Nevertheless, the research on calculating explicit operators for solving the 
9-equation uj = dX on the regular part of singular subvarieties £ C C n is still 
at a very early state; the techniques mentioned in the previous paragraph do 
not produce useful explicit formulae. Ruppenthal and Zeron have proposed 
explicit operators for calculating solutions A if X is a weighted homogeneous 
variety and a; is a enclosed (0, l)-differential form with compact support; see 
[18j . The weighted homogeneous varieties are analysed, for they are a main 
model for classifying the singular subvarieties of C n . A detailed analysis of 
the weighted homogeneous varieties is done in Chapter 2— §4 and Appendix 
B of [1]. The main objective of the present paper is to improve the explicit 
operators originally developed in [18] for calculating solutions A to the in- 
equation uj = dX on the regular part of any weighted homogeneous variety 
£ if uj is a enclosed (0, ^-differential form with compact support and degree 
q > 1. Furthermore, we produce 9-solution operators with L p -estimates for 
1 < p < oo if £ is homogeneous with an arbitrary singular locus. 

Definition 1. Let (3 € be a fixed integer vector with strictly positive en- 
tries > 1. A holomorphic polynomial Q(z) on C n is said to be weighted 
homogeneous of degree d > 1 with respect to (5 if the following equality 
holds for all s € C and z € C n : 

(1) Q(s^ * z) = s d Q(z), with the action: 

(2) s? *( Zl ,Z2,...,z n ) := (s^z 1 ,s /32 z 2 ,...,s l3 "z n ). 

An algebraic subvariety S in C n is said to be weighted homogeneous 
with respect to (3 ifT, is the zero locus of a finite number of weighted homo- 
geneous polynomials Qk( z ) of (maybe different) degrees > 1, but all of 
them with respect to the same fixed vector (3. 
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Let X C C n be any subvariety. We use the following notation along this 
paper. The regular part X* = X re9 is the complex manifold consisting of the 
regular points of S, and it is always endowed with the induced metric, so that 
X* is a Hermitian submanifold in C n with corresponding volume element 
dV-£ and induced norm | • |s on the Grassmannian AT*X*. Thus, any Borel- 
measurable (0, r/)-form u on X* admits a representation to = Ylj fjdzj, 
where the coefficients fj are Borel-measurable functions on X* which satisfy 
the inequality |/j(z)| < |u;(z)|s for all points z € X* and multi-indexes 
| J\ = q. Notice that such a representation is by no means unique. We refer 
to Lemma 2.2.1 in [15] for a more detailed treatment of that point. For 
1 < p < co, we also introduce the L p -norm of a measurable (0, g)-form oj on 
an open set U C X* via the formula: 

\ VP 



We can now present the main result of this paper. We assume that the 
^-differentials are calculated in the sense of distributions, for we work with 
Borel-measurable functions. 

Theorem 2 (Main). Let J] be a weighted homogeneous subvariety of C n 
with respect to a given vector (3 £ Z n , where n > 2 and all entries (3). > 1. 
Consider the class of all (0, q)-forms to given by fjdzj, where q > 1, the 
coefficients fj are all Borel-measurable functions in X, and z\, z n are the 
Cartesian coordinates ofC n . Let a > — q be any fixed integer. The operator 
S° below is well defined on X for all forms to which are essentially bounded 
and have compact support, 



„ . a . u a (uP J )du A du 
fj(u * z) —, tt 



(3) S>(z) : V — ; , ., 
^ ' q ^ ' ^^Jnec u(u-l) 

(4) with N J= V and (3j = J2Pr 

' sgn(7,A) ^— ' 

Notice that the multi-indexes J and K are both ordered in an ascending 
way and that sgn(j, K) is the sign of the permutation used for ordering the 
elements of the q-tuple (J, K) into an ascending way. Finally, the form 
Sq(u>) is a solution of the d-equation uj = dSq(to) on the regular part of 
X \ {0}, whenever u is also d-closed on the regular part o/X \ {0}. 
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The origin of C n is in general a singular point of E according to Defini- 
tion [H so that the regular parts of E and E \ {0} coincide. We will prove 
Theorem [2] in Section [2] of this paper. Similar techniques and a slight modi- 
fication of equations ([3]) and ([H) can also be used for producing a 3-solution 
operator with L p -estimates on homogeneous subvarieties with arbitrary sin- 
gular locus. 

Theorem 3 (L p -Estimates). Let E be a pure d- dimensional homogeneous 
(cone) subvariety ofC n , where n > 2 and each entry (3^ = 1 in Definition^ 
Fix a real number 1 < p < oo and an integer 1 < q < d. Consider the class 
Lq g (E) of all (0, q)-forms ui given by J2j fjdzj, where the coefficients fj are 
all L p -integrable functions inT,, and z\, z n are the Cartesian coordinates 
ofC n . Choose a € Z to be the smallest integer such that 

2d -2 

(5) a > + 1 - q. 

p 

The operator Sq(oj) below is well defined almost everywhere on E for all 
forms co which lie in Lq (E) and have compact support on E; 

^ f u^vtduAdu 

I ** I — Q 

x - qzjdz^ 
where Hj = ) J 

The form S^(w) is a solution of the d- equation to = d (uj) on the regular 
part of E \ {0}, whenever uj is also d-closed on the regular part of E \ {0}. 
Finally, assuming that the support of uj is contained in an open ball Br of 
radius R > and centre at the origin, there exists a strictly positive constant 
Cs(R,a) which does not depend on u and such that: 

( 7 ) II SjMlig^csnB*) ^ C ^ R ^) ■ IMk 9 (£)- 

The case p = oo in the previous theorem is a corollary of Theorem [2] 
because the formulae © and © coincide in the homogeneous case (where 
all coefficients (3j = q). We will give the full proof of Theorem in Section [3] 
of the present paper. 
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The obstructions to solving the 9-equation with L p -estimates on sub- 
varieties of C n are not completely understood in general. An L 2 -solution 
operator (for forms with non-compact support) is only known in the case 
where £ is a complete intersection^ of pure dimension > 3 with only iso- 
lated singularities. This operator was constructed by Fornasss, 0vrelid and 
Vassiliadou in [8] via an extension theorem for 3-cohomology groups orig- 
inally presented by Scheja |19j . Usually, the L p -results come with some 
obstructions to the solvability of the 9-equation. Different situations have 
been analysed in the works of Diederich, Fornasss, 0vrelid, Ruppenthal and 
Vassiliadou: It is shown that the 9-equation is solvable with L p -estimates 
for forms lying in a closed subspace of finite codimension of the vector space 
of all the enclosed L p -forms if the variety has only isolated singularities 
[3 [U [2TJ IS]- Besides, in the paper [7], the 3-equation is solved locally 
with some weighted L 2 -estimates for forms which vanish to a sufficiently 
high order on the (arbitrary) singular locus of the given varieties. 

There is a second line of research about the 3-operator on complex pro- 
jective varieties (see \12\ I13j for the state of the art and further references). 
Though that area has clearly a lot in common with the topic of <9-equations 
on analytic subvarieties of C n , it is a somewhat different theory because 
of the strong global tools (like Serre duality) which cannot be used in the 
(local) situation of Stein spaces (due to the lack of compactness). 

Since the estimates in Theorem [3] are given only for homogeneous vari- 
eties, we finally propose in Section [J] of this paper a useful technique for 
generalising the estimates in Theorem [31 so as to consider weighted homo- 
geneous subvarieties instead of homogeneous ones. 



More precisely: a Cohen-Macaulay space. 
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2. Proof of Main Theorem 

We need the following result. The notation l} vq stands for the class of all 
the (p, g)-forms with Z^-integrable coefficients, so that the differentials are 
calculated in the sense of distributions. 

Theorem 4. Let U C C m be open, 2 < q < m, and uj € Lq (U) be a 
d-closed form with compact support along the first coordinate z\, that is, 
such that supp(w) n F y is compact inU (~)F y for all fibres F y = Cx{y} with 
y € C m_1 . Assume that uj is given by: 

u = [aj]dYJ + [a>i,K]dzi A dz]<, 

\J\=q,HJ \K\=q-l,l£K 

where the multi-indexes J and K are both ordered in an ascending way. The 
following operator 

S q (uj) := l[ai^K\d~ZK , with 

\K\=q-\,l$K 

_ „ . , 1 f „, .dt Adt 

If{z 1 ,...,z m ) := — / f(t,Z2,...,z m )- 



2vr? J teC t-z% 
is defined almost everywhere in U and satisfies uj = dS q (uj). 

Notice that S q (uj) is well defined in U if u is essentially bounded and has 
compact support along the first coordinate Z\. 

Proof. It is clear that the restrictions {a\^K)\F v are au -^-integrable on the 
intersections UnF y , for almost every fibre F y , so that 7] := S q (u) is defined 
almost everywhere in U\ see Appendix B of [14j or \\.\\ I15j . We only need 
to show that drj = uj. The assumption duj = implies that the following 
equation holds for every multi-index | J| = q with 1 ^ J, 

j€J,K=J\{j} 3 

The function sgn(j, K) is the sign of the permutation used for ordering the 
elements of the g-tuple (J, K) into an ascending way. A direct application 
of the inhomogeneous Cauchy- Integral Formula in one complex variable and 
the fact that uj has compact support along the first coordinate yield the 
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and so we have that: 



dS q (w) 



with bj : 




Recall that the multi-indexes J and K are both ordered in an ascending 
way and sgn(j, K) is the sign of the permutation used for ordering the el- 
ements of the g-tuple (j, K) into an ascending way. Equation ([8]) implies 
that dS q (w) is equal to u>, because ax has compact support along the first 
coordinate, and so: 



We may now proceed with the proof of the main theorem. 

Proof. [Main Theorem [2] . We follow the proof originally presented in [18] , 
so that we only point out the main points. Let {Qk} be the set of polynomials 
which define the algebraic variety S as its zero locus. The definition of 
weighted homogeneous varieties implies that the polynomials Qk(z) are all 
weighted homogeneous with respect to the same fixed vector j3. Equation ([1]) 
automatically yields that every point s@ * z lies in £ for all s G C and zeS, 
and so each coefficient /j(-) in equation @ is well evaluated in S. Moreover, 
the coefficients f3k > 1 and f3j > q, for all index k and multi-index J of degree 
q. Fixing any point z € S, the given hypotheses imply that the following 
Borel-measurable functions are all essentially bounded and have compact 
support in C, 



integer a > —q and all forms uj which are essentially bounded and have 




□ 



u >-> fj{yP * z). 

Hence, the operator S a q {uj) in ©-(UJ) is well defined on S for each fixed 



compact support. We shall prove that SZ(u) is also a solution of the equation 
uj = dSq(uj) if the (0, g)-form u is 9-closed. We may suppose, without loss 
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of generality and because of the given hypotheses, that the regular part of 
S does not contain the origin. Let £ ^ be any fixed point in the regular 
part of E. We may suppose by simplicity that the first entry £1 ^ 0, and so 
we define the following mapping and subvariety: 

, g v viy) ■= {yi/£i) p * (£i,y2,y3,-,y n ), for y e c n , 

Y := {yeC n ~ 1 :Q k (^ l ,y)=0yk}. 

The action s^ 3 * z was given in (|2|). We have that ??(£) = £, and that the 
following identities hold for all s E C and y € C™^ 1 , recall equation ([T|) and 
the fact that S is the zero locus of the polynomials {Qk}- 

, w) Qk(v(s,y)) = (s/ti) d «Q k (Zi,y) and 

?7(C* xY) = {zeE:zi/0}. 

The symbol C* stands for C \ {0}. The mapping rj(y) is locally a biholo- 
morphism whenever the first entry y\ ^ 0. Whence, the point £ lies in the 
regular part of the variety CxY, because £ = 7/(£) also lies in the regular 
part of £ and / 0. Thus, we can find a biholomorphism 

vr = (7r 2 ,...,7r n ) :U^Y C C"" 1 

defined from an open and bounded domain U in C m onto an open set in 
the regular part of Y, such that 7r(£) is equal to (£2, •■• ! £n) fo r some £ € U. 
Consider the following holomorphic mapping defined for all points s € C 
and x 6 U, 

(11) U(s,x) := ^*(£i,vr(x)) = V (s^, ir(x)) € E. 

The image II(C x U) will be known as a generalised cone from now on. 
Notice that I1(C* x U) lies in the regular part of S, for ir(U) is contained 
in the regular part of Y. The mapping II(s, x) is locally a biholomorphism 
whenever s ^ 0, because 77 is also a local biholomorphism for y\ 7^ 0; and 
the image 11(1, £) is equal to £. Hence, recalling the form u and the operator 
Sq(u) defined in ©-([!]), we OIU y nee d to prove that the pull-back ITcj is 
equal to the differential 311* (uj) inside C* x U, in order to conclude that 
the 3-equation u = dSg(u>) holds in a neighbourhood of £ in S. We can use 
equations ([2]) and (pTT|) in order to calculate the pull-back U*u> when uj is 
given by Ylj fjdzj- To simplify the notation, let tti{x) := £1 for all x G U, 
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so that d-K\ = 0. 

(12) [U*u;]( S ,x) = £ fj(P(8,x))lft /\<btfx) + 

\J\=q jeJ 



^ sgnj,J\{j} /\ 

Recall that 0j = YljeJ 0j — Q — the multi-index J is ordered in an 
ascending way, and sgn(ai, a g ) is the sign of the permutation used for 
ordering the elements of the g-tuple ...,a g ) into an ascending way. The 
given hypotheses on u yield that the pull-back Ii*uo is 9-closed and bounded 
in C* x U, and so it is also 9-closed in C x U; see Lemma 4.3.2 in |15| 
or Lemma (2.2) in [20]. The same argument applies to the enclosed and 
essentially bounded form 

(13) [U*lo](s,x) G L% q (C x U). 

The open set U is bounded in C m . Thus, it follows from (fT2|) and (fl"3j) . by 
the use of Lemma 7.2.2 in \15\ p. 186] or Lemma 3.6 in [T7j, that s a IL*u is 
both L^ q (C x U) and d-closed in C x U. It is easy to see that each coefficient 
fj(U(s,x)) has compact support with respect to the first coordinate s, so 
that we can apply Theorem [5] to t°"[n*u;](t, x) and calculate the form: 



(14) s q (t°n*u) = yi [ hm>*)) 

\J\=q 1 JteC 



t a (tP J )dt A dt 
t(t-s) 



Theorem H] implies that 

s a [U*uj](s,x) = dS q (t a \n*w](t t x)). 

Hence, we only need to verify that the form S q (t a U*u>)/s a is equal to 
the pull-back IT S q (u) of the form defined in ©, in order to conclude that 
uj = dSg(u), as desired. We begin by calculating the pull-back II* N of the 
differential form given in Notice that tti(x) = £i, so that dir\ = 0, 
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and recall equations ([2]) and (fTTI) . 



ieJ B u ' v lJSJ keJ\{j} 



sr^ PjPksPj 1 7T j (x)TT k (x) ds * — p- 

+ sgn(j, J \ 0'}) sgn(fc, J \ {j, fc}) A A W 

j,k&J,jjtk i&J\{3,k} 

Suppose that J = (ai, a a , j, ai, d&, A;, di, d c ), then: 
sgn(j,J\{j})sgn(£;,J\{j,fc}) = (-l)»(-l)»+*>, 
sgn(fc,J\{fc})sgnO-,J\{j,*}) = (-ir +6+1 (-l) a . 

So that the last sum in equation (|15p vanishes, and so the pull-back II* 
is identically equal to s@jQj, with 0j defined in (fT4l) . Finally, we can 
calculate the pull-back of the form Sg(u) given in ([3]), notice that U(us,x) 
is equal to u@ * H(s, x), 

(16) n S (w = > — — / fj(U(us,x)) — rr • 

in 27U JrteC u(u-l) 
\J\=q 

The change of variables t = us yields that the form S q (t a H*uj)/s a in (|14j) 
is equal to the identity above, and sow = 8SZ(u), as desired. □ 

3. L P -ESTIMATES 

We prove Theorem[3]in this section. Recall that S is a pure d-dimensional 
homogeneous (cone) subvariety of C n with arbitrary singular locus, so that 
n > 2 and each entry = 1 in Definition [TJ Moreover, given a fixed real 
number 1 < p < oo and an integer 1 < q < d, we consider the class Lq 
of all (0, q)-forms u> expressed as ^ j fjdzj, where the coefficients fj are 
all L p -integrable functions in S, and zi, z n are the Cartesian coordinates 
of C n . Assume that the support of each form w £ Ij is contained in the 
open ball Br of radius R > and centre at the origin. Fix a £ Z to be the 
smallest integer such that 

(17) a >^ll + i- q . 

P 

We begin by showing that in © defines a bounded operator 

(18) S* : L^(£ n B fl ) - Lg >ff _ x (S D 
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where: 

f „ . .u a uVduA du 



(19) S ^u(z)=J2^ L f /JM 



gc " «(«-!) 



and = 



J[=g 

qzl dzx 



sgn(?, if) 

Recall that the multi-indexes J and if are both ordered in an ascending 
way and that sgn(j, K) is the sign of the permutation used for ordering the 
elements of the q-tuple (j, K) into an ascending way. Notice that the case 
p = oo in (|18p is a corollary of Theorem [21 because the formulae ([3]) and (I19j) 
coincide when the variety £ is homogeneous (so that all (3j = q). Hence, we 
can suppose from now on that p < oo, and we only need to prove that the 
following inequality holds for every multi-indexes \J\ = q and j £ J in order 
to conclude that (fl"8|) and ([7]) holds, 

• ),/'••/ p 

(20) 



\u\<R/\\z\\ («-!)« 



«%<IHl5g (s) . 



'zSEnBfl 

Notice that the support of fj{z) is contained in the open ball Br of 
radius R, and that dVc and dVz are the respective volume forms on C and 
S. Further, we may use the variable u instead of its complex conjugate u 
because we work under an absolute value sign. Let 5 < 1 be any fixed real 
number. It is easy to deduce the existence of a finite real constant M\ such 
that the following inequalities hold for all complex numbers t and w: 



dVc(w) , r f dV c (t) 

<Mi and / g r '— < M x . 



A<B. W \w - t\ J\ t \ <R \t\°\w-t\ 
Hence, the generalised Young inequality for convolution integrals yields 
that the modified Cauchy-Pompeiu formula defines an L p -bounded operator; 
see for example the Appendix B of [13] with s = 1 and 5 < 1: 



(21) 



t\<R 



h(w)dw A dw 



w\<R 



[w - 1) \t\ 5 



dV c (t) < / \h(t)\PdV c . 

J\t\<R 



Moreover, let £ be the projective variety associated to £ in the space 
CP" -1 , for S is a pure ci-dimensional homogeneous subvariety of C n . We 
also use the fact that any integral on £ can be decompose as a pair of nested 
integrals on C and £, that is: 

/ <S>(z)dVv(z)= [ [ <S>{zt)\t\ 2d - 2 dV c (t)dV^([z]); 
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where on the right hand side, i € X is any representative of [z] G S with 
= 1. Finally, since a £ Z is the smallest integer which satisfies ([17)1 : we 
have that the following constant 

2 - 2d 



(22) 



satisfies < 5 < 1. 



P 



We can now use the results presented in the paragraphs above in order 
to calculate (|20p and (fT), with the change of variables w = ut, 



Jz&Y,C\B R Jh 



fj{uz)v! 



u+g 



-dV c 



< 



u|<R/||«|| (u-l)u 

fj(uzt)u"+* 



\t\ p 



[z]e£ J\t\<R 

z]£E J\t\<R 



dV c 



\u\<R/\t\ (u-l)u 

fj{wz)w u+q - 1 dV c p 
wl<R (w - t)t-+i~ 2 ' W 



\t\ 2d - 2 dV c dVy 



\t\ 2d - 2+p dV c dV^ 



< 



[z]e£ J\t\<R 
[z]es J\t\<R 



fj{wz)w 



a+q-1 



\<R (w-t)\t\ S 

fj(tz)f +q - 1 \ p dVcdV~ 



dV c 



dVcdVr 



[ [ \fj{tz)\ p \tf+ 2d - 2 dV c dV^ 

J[z\e£,J\t\<R 



< 



zeznB R 



\fj(z)\ p R p5 dVx < 



fj\\ P LP[s) < IMI^p) 



< oo. 



We have used ((25) and ((2T) with /i(w) = f J (wz)w a+q - 1 . That completes 
the proof of equations ([20]) and ((7) • 

Finally, notice that the operators Sq(uj) given in ((3), © and (fT9|) are 
all the same, because the coefficients (5j = q for every multi-index \J\ = q. 
Therefore, we can show that the operator SZ(u;) satisfies the differential 
equation u = d S^(lo) following step by step the proof presented in Section [2j 
We only need to rewrite the pull-back given in (|12p . which is enclosed in the 
product C* x U, 



(23) 



[U*u](u,x) = /j(n(«,x))«« f\ d*j{x) + 
\J\=q 3£J 



^ sgn(j,J\{j}) ' « 



|J|=g,.?eJ 



fceJ\{j} 
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And we must show that u a [H*uj](u,x) lies in (C x U), where U is a 
bounded domain in C" 1 . Thus, we have that u a H*uj is also S-closed in C x U, 
because of Lemma 7.2.2 in [15\ p. 186] or Lemma 3.6 in [T7]. We can then 
apply Theorem 0] and follow step by step the proof presented in Section [2] 
from equation (|14p to the end of that section. 

Recall that the integer a > ~ 2 + 1 — q. We begin showing that the form 
■u°TI*u; lies in Lq q (CxU). Notice that IL(u, x) is equal to u(^i,ir(x)) because 
each entry f3^ = 1 in ([5]) and It is easy to calculate the pull-back of 

the volume form dVj]: 



z=u{£-i,tt{x)) 



(24) nw s = £ PiA z ) dz i AtteJ 

|7|=|J|=d 

d-1 

= e(x)|u| M ~ 2 [ciu A du] A /\ [ete fe A cSfe] . 

fc=i 

Recall that x lies in the bounded open set U C C d_1 . Since S is a 
pure d-dimensional homogeneous (cone) subvariety of C n , the coefficients 
Pl^j(z) are all invariant under the transformations z i— > uz, and so O(x) only 
depends on the vales of tt(x) and all its partial derivatives (it is constant 
with respect to u). The fact that IT is a biholomorphism from C* x U onto 
its image also implies that cannot vanish. Hence, choosing a smaller set 
U if it is necessary, we can suppose that |0| is bounded from below by a 
constant M2 > 0. 

On the other hand, since H(u, x) = u(£i, ir) and the support of each fj(z) 
is contained in a ball of radius R > and centre at the origin, we have 
that every fj(Il(u, x)) vanishes if \u£x\ > R. Thus, equation (|2"3"j) and the 
analysis done in the paragraphs above imply that the form u a Yi*to lies in 
Lq 9 (C x U), because the following inequalities hold for every multi- index J 
and exponent b = 0, 1: 



/ K^- b fj(U)\PdV CxU < [ \fj{Ii)r@(x)\u\ 2d ~ 2 dV c> 

JCxU JCxU 

= I \fj\ p dVj; < ||A||£ 2 < 00. 



'n(Cxt/) 

Recall that p(a + q — b) > 2d — 2, because of the hypothesis ([5|)- (fT?]) 
imposed to a E Z. Finally, the support of U*u is bounded in C x U, because 
U is bounded and each fj(H(u, x)) vanishes if > R. Thus, we have that 
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the form u a Ii*u> is Lq and 9-closed in C X U; see for example Lemma 7.2.2 
in \15\ p. 186] or Lemma 3.6 in [17] . We can then apply Theorem [J] and 
follow step by step the proof presented in Section [2] from equation (fl4"j) to 
the end of that section, in order to conclude that the operator S°(uj) satisfies 
the differential equation w = dSg(ui), as we want. 



4. Weighted Homogeneous Estimates 

We want to close this paper presenting a useful technique for generalising 
the estimates given in Theorem El so as to consider weighted homogeneous 
subvarieties instead of cones. Let E C C" be a weighted homogeneous 
subvariety defined as the zero locus of a finite set of polynomials {Qk}- 
Thus, the polynomials Qk(z) are all weighted homogeneous with respect 
to the same vector /3 £ Z", and each entry (3^ > 1. Define the following 
holomorphic mapping: 



(25) 



$ : C n -» C n , with $(x) = K 



i x 2 i 



It is easy to see that each polynomial Qk{^) is homogeneous, and so the 
subvariety X C C n defined as the zero locus of {Qk(&)} is a cone. Consider 
a (0, g)-form u given by the sum fjdzj, where the coefficients fj are 
all Borel-measurable functions with compact support in E, and z\, z n are 
the Cartesian coordinates of C n . We may follow two different paths in order 
to solve the equation d\ = to. We may calculate the pull-back: 



\J\=q L JGJ 



dxj; 



and then apply Theorems [2] and [3] on the cone X, so as to get the following 
operators: 



(26) 



iTT^ 2m Juac u(u-l 



\J\=Q 

with = 



sgn(j, K) 



n a^- 1 

k<=K 



dxx- 
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On the other hand, we may use the main Theorem [2] on the weighted 
homogeneous variety E, so as to get: 

27 a, := E ^ / -J -n with 

We can easily verify that <£* (w) is equal to ($*u>). The main problem 
is that $*u; may not lie necessarily in Lq (X) for p < oo. 
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